We calculate the model-independent radiative corrections to the Dalitz plot of K ± l3 decays to the order of (α/π)(q/M 1 ), where q is the momentum transfer and M 1 is the mass of the kaon. The final results are presented, first, with the triple integration over the variables of the bremsstrahlung photon ready to be performed numerically and, second, in an analytical form. These two forms are useful to cross-check on one another and with other calculations. This paper is organized to make it accessible and reliable in the analysis of the Dalitz plot of precision experiments and is not compromised to fixing the form factors at predetermined values. It is assumed that the real photons are kinematically discriminated. Otherwise, our results have a general model-independent applicability.
I. INTRODUCTION
Analyses of the low-energy s → u and d → u semileptonic transitions play a decisive role in our understanding of the interplay between weak and strong interactions and the CabibboKobayashi-Maskawa (CKM) quark-mixing matrix. Current determinations of |V ud | and |V us | provide the most precise constraints on the size of the CKM matrix elements and yield the most stringent test of CKM unitarity. In particular, the best determination of |V us | is achieved from kaon semileptonic (K l3 ) and leptonic (K l2 ) decays, whereas the most precise determination of |V ud | is obtained from superallowed 0 + → 0 + Fermi transitions and also, to a minor extent, from baryon semileptonic decays -most commonly from neutron beta decay-and pion beta decay.
Over the past years, precise measurements have been made in both kaon and baryon semileptonic decays [1] . In these experiments the statistical errors are rather small, and more effort has been put into the reduction of the systematic errors, which are mainly of two kinds. The first one comes from the different shortcomings of the experimental devices. The second one, of a theoretical nature, comprises assumptions about form factors and radiative corrections.
On the one hand, while the leptonic part of s → u and d → u semileptonic transitions is unambiguous, the hadronic part is affected by flavor SU(3) symmetry breaking in the form factors.
For K l3 decays there is a remarkable simplification because only the vector part of the weak current has a nonvanishing contribution and only two form factors appear. These form factors are protected by the Ademollo-Gatto theorem [2] against SU(3) breaking corrections to lowest order in (m s −m)
so that the theoretical approach to compute them is under reasonable control within the limits of experimental precision. In contrast, baryon semileptonic decays play an ancillary role due to the presence of both vector and axial-vector currents and the appearance of six form factors. Although the leading vector form factor is also protected by the Ademollo-Gatto theorem, large theoretical uncertainties arise from first-order SU(3) breaking effects in the axial-vector form factors.
On the other hand, the precise and reliable calculation of radiative corrections to the various measurable quantities accessible to current experiments is a rather difficult task. Despite the enormous progress achieved in the understanding of the fundamental interactions with the standard model, no first-principles calculation of radiative corrections to kaon and baryon semileptonic
decays is yet possible. Thus, in dealing with these radiative corrections it is very important to have an organized systematic approach to deal with the complications and technical difficulties that accompany them. These radiative corrections depend on the details of strong and weak interactions present in the decay vertex; i.e., they have a model-dependent part. They also depend on the charge assignments of the decaying and emitted hadrons. Furthermore, their final form depends on the observed kinematical and angular variables and on certain experimental conditions.
Various articles on radiative corrections to K l3 decays exist in the literature, each with a different emphasis. Some of the earliest attempts can be traced back to the works by Ginsberg [3] [4] [5] [6] , Becherrawy [7] , García and Maya [8] , and more recently by Cirigliano et.al. [9, 10] , Bytev et. al. [11] , and Andre [12] , to name but a few. Ginsberg, for instance, focused on the calculation of radiative corrections to the lepton spectrum, Dalitz plot, and decay rates of K l3 decays, by assuming a phenomenological weak K-π vertex; the results depend on a cutoff. Becherrawy, in turn, used a particular model of the strong interactions, whereas García and Maya extended to M l3 the procedure proposed by Sirlin [13] , originally introduced to study the radiative corrections to the charged lepton spectrum in neutron beta decay. Cirigliano et. al. computed these radiative corrections in the framework of the chiral perturbation theory and accounted for virtual photons and leptons. Bytev et. al., in turn, presented an alternative approach to remove the ultraviolet cutoff dependence and set it equal to the W mass. Finally, Andre focused his analysis on K 0 l3 decays and included contributions from outside the kinematically allowed three-body region of the Dalitz plot.
As for baryon semileptonic decays, following the analysis of Sirlin of the virtual radiative corrections in neutron beta decay [13] and armed with the theorem of Low for the bremsstrahlung radiative corrections [14, 15] , it has been shown that the model dependence that arises in this latter case contributes to the order of (α/π)(q/M B ) n for n ≥ 2 and that such model dependence can be absorbed into the already existing form factors [16] , while the model-independent contributions can be extracted from orders n = 0, 1. Here M B is the mass of the decaying baryon, and q is the four-momentum transfer. This approach has been implemented to compute high-precision radiative corrections to various observables in baryon semileptonic decays (decay rates and angular spin-asymmetry coefficients) by considering unpolarized and polarized decaying and emitted baryons [17, 18] , for all possible charge assignments.
In this paper, we reexamine the calculation of radiative corrections to K ± l3 decays up to the order of (α/π)(q/M 1 ), where M 1 denotes the mass of the kaon. Our analysis builds on earlier works, particularly Ref. [8] , but unlike it, here we will focus on the radiative corrections to the Dalitz plot of K ± l3 decays. Our approach to the calculation of these radiative corrections has been to advance results which can be established as much as possible once and for all. This task is considerably biased by the experimental precision attained in given experiments and by the available phase space in each decay. The radiative corrections obtained to the order of approximation considered here are then suitable for model-independent experimental analyses and are valid to an acceptable degree of precision. We assume that the form factors can be extracted from experiment, and thus we do not consider them here. Their model-independent parts contain information only on QED.
Our results will be presented in two forms: one where the triple integration over the real photon three-momentum is left indicated and ready to be performed numerically and another one, of analytical nature, where such an integration has been performed. Both forms can be used to numerically cross-check one another. However, the analytical result, although tedious to feed into a Monte Carlo program, can help in the reduction of computer time because the triple integration involved does not have to be performed within the Monte Carlo calculation every time the energies of the charged lepton and the pion or the form factors are changed. This paper in organized as follows. In Sec. II, we introduce our notation and conventions; also we briefly discuss some basic aspects of the phenomenology of kaon semileptonic decays and define the boundaries of the allowed kinematical region, usually referred to as the Dalitz plot. We will specialize our calculation to the three-body region of this plot. We proceed to analyze in Sec. III the virtual radiative corrections and properly identify the infrared-divergent term. In Sec. IV, we discuss the bremsstrahlung radiative corrections and also extract the infrared divergence and the finite terms that accompany it. We are left with several triple integrals, mainly over the photon variables, which at any rate can be computed numerically. We, however, proceed further in order to analytically perform these integrals, and we present the resultant expressions.
We also present some cross-checks for completeness. We summarize our findings in Sec. V, where we also carry out a detailed numerical evaluation of these radiative corrections at several points of the Dalitz plot; this way we are able to compare our results with others already published, in particular, with Refs. [9, 10] . We close this paper with a brief discussion of our results and some concluding remarks in Sec. VI. This work is complemented with two appendixes. In Appendix A, we discuss some features on how to deal with the bremsstrahlung differential decay rate in order to properly isolate the infrared divergence. In Appendix B, we list the triple integrals over the photon variables that emerge in our calculation.
II. BASICS ON KAON SEMILEPTONIC DECAYS
In this section, we provide a basic description of the phenomenology about kaon semileptonic decays in order to introduce our notation and conventions.
For definiteness, we concentrate on the analysis of the semileptonic decay of a positively charged kaon, namely,
decays as a function of the energies of the charged lepton and the emitted pion, E and E 2 , respectively, for (a) K ± e3 and (b) K ± µ3 decays. In this work, areas TBR and FBR are loosely referred to as the three-and four-body regions of the Dalitz plot, respectively.
The distinction between these two areas is subtle and requires some discussion. First, let us notice that in order to find an event with energies E and E 2 in area FBR a fourth particle must exist (in our case, such a particle will be a photon) which will carry away finite energy and momentum.
In contrast, in area TBR this particle may or may not do so. It turns out that area FBR is exclusively a four-body region, whereas area TBR is both a three-and a four-body region. Hereafter, areas TBR and FBR will be loosely referred to as the three-and four-body regions of the Dalitz plot, respectively.
We can now proceed to the construction of the uncorrected transition amplitude (i.e., the amplitude without radiative corrections) for process (1) . By neglecting scalar and tensor contributions and assuming that only the vector current contributes, such an amplitude, denoted here by M 0 , has the structure
where G F is the Fermi constant as extracted from muon decay, V us is the relevant CKM matrix element, and C K = 1/ √ 2 is a Clebsch-Gordan coefficient. In order to avoid cumbersome expressions, the factors G F , V us and C K will be included into a single factor G hereafter.
Furthermore, v ℓ and u ν are the Dirac spinors of the corresponding particles,
and the metric and γ-matrix convention we adopt is the standard one (see, for instance, Ref. [19] ), except that our γ 5 has the opposite sign.
The hadronic matrix element W µ (p 1 , p 2 ), on the other hand, can be written as
Here q = p 1 − p 2 is the four-momentum transfer and f ± (q 2 ) are dimensionless form factors which are relatively real if time reversal holds.
Let us remark that the momentum transfer dependence of the form factors has been discussed extensively in the literature; in particular, Ref. [1] provides an overview about the current situation of both the theoretical and experimental bent. In summary, a common practice advocated in K µ3
analyses is the use of a linear parametrization such as
and the factor dΩ reads
A glance at expressions (17)- (19) reveals why experiments about K µ3 decays usually determine both f + and f − , whereas experiments about K e3 decays are only sensitive to f + because f − comes along with a term proportional to the positron (electron) mass squared, which renders its contribution negligible. In Tables I and II Now that we have some insight into the main features of kaon semileptonic decays, we proceed to the calculation of radiative corrections. Let us first discuss the virtual case and later the bremsstrahlung one.
III. VIRTUAL RADIATIVE CORRECTIONS
To first order in α, the virtual radiative corrections in K + l3 decay arise from the analysis of the Feynman diagrams depicted in Fig. 2 . These virtual radiative corrections can be computed in complete analogy with the approach implemented by Sirlin [13] in the study of the energy spectrum of the electron in neutron beta decay, subsequently extended to the analysis of hyperon semileptonic decays by García and Juárez [16] . In this approach, the virtual radiative corrections can be separated in two parts. One part is model-independent and finite in the ultraviolet region and fully contains the infrared divergence. The other one depends on the details of the strong interactions. All in all, the separation relies on general principles such as Lorentz covariance, analyticity of the strong and weak interactions, and the validity of QED. García and Maya [8] have already implemented the procedure to M ± l3 decays, so we will partially borrow their methodology to achieve our goal. Further details on the procedure can be found in the original papers [8, 13, 16] , so here we limit ourselves to describe only a few salient facts. where k and D µα (k) are the photon four-momentum and propagator, respectively. The model dependence that arises from these diagrams is contained in T µλ , whose explicit form is not needed here but can be obtained without difficulty by following Ref. [13] . We only point out that T µλ is regular as k → 0 and transverse in the sense that k µ T λµ = 0.
In the same way, the graph of 
which is infrared-divergent. 
where
, explicitly defined in Eq. (23), is infrared-divergent whereas M
, which can be written in the most general way as
is infrared-convergent. The explicit expressions of the additional form factors a k (q 2 ) introduced in Eq. (24) are not needed for our purposes.
At this stage it is already possible to achieve the separation referred to above. The transition amplitude with virtual radiative corrections to the order of (α/π)(q/M 1 ) is constituted by two
The former is model-independent and gauge-invariant and contains in full the infrared divergence, whereas the latter contains all the model dependence. M . After some analysis we find
where the functions Φ 1 (E) and Φ 2 (E) are given by
and
Here β ≡ l/E, L is the Spence function, and λ is the infrared-divergent cutoff. This divergent term will be canceled by its counterpart in the bremsstrahlung contribution to be discussed in the next section.
Similarly, the second term in Eq. (25) is given by
As for the model-dependent part M d V , it is given by the sum of the term proportional to the second summand within square brackets in Eq. (21) 
where a ′′ 1 and a ′′ 2 are some other form factors which now depend on q 2 and
A close inspection of M d V reveals that it has the same structure as M 0 [Eq. (7)], so one is prompted to absorb the former into the latter by redefining the original form factors f ± , namely,
where the modified form factors f ′ + and f ′ − have a new dependence in the positron and emitted pion energies other than the ones in the q 2 dependence of the original form factors. By rearranging some terms of the order of O(α), these form factors can be written generically as
where a + and a − are some other functions which contain all the model dependence and the prime on M 0 in Eq. (31) will be used as a reminder of this fact.
Let us remark that the introduction of the modified form factors f
is not a withdrawal of the approach. Ultimately, these modified form factors are the ones which can be experimentally measured and are the ones that provide information about the strong interactions.
By gathering together partial results, the transition amplitude for K + l3 decay with virtual radiative corrections is then given by
where some terms of second order in α have been rearranged in the above equation to stress the fact that to first order in α only the modified form factors f ± (q 2 , p + · l) appear in it.
Armed with the transition amplitude with virtual radiative corrections, M V , we can obtain the corresponding differential decay rate dΓ V by means of a long and tedious but otherwise standard procedure. Assuming for definiteness complex form factors, the final expression can be cast into
.
Equation (34) is our first partial result for K ± l3 decays. It is the differential decay rate with virtual radiative corrections to the order of (α/π)(q/M 1 ). It contains an infrared-divergent term in Φ 1 (E) which at any rate will be canceled when the bremsstrahlung radiative corrections are added. Let us stress the fact that all the model dependence arising from the virtual contribution has been absorbed into the modified form factors (32) which are the ones that enter into Eq. (34).
The primes in this equation are an indicator of this fact. Let us now discuss the bremsstrahlung contribution.
IV. BREMSSTRAHLUNG RADIATIVE CORRECTIONS
In this section we now turn to the analysis of the emission of a real photon in the process
where K + denotes a positively charged kaon and π 0 a neutral pion, whereas ℓ stands for a positively charged lepton (ℓ = e + or µ + ) and ν ℓ its accompanying neutrino. We again point out that the charge conjugate mode of process (39) can be analyzed likewise. Here, γ represents a real photon with four-momentum k = (ω, k). As in the case of virtual radiative corrections, we will use the rest system of the decaying kaon. Accordingly, energy and momentum conservation yield M 1 = E + E 2 + E ν + ω and 0 = p 2 + l + p ν + k, where the neutrino energy and momentum in the presence of the photon are, respectively,
where E 0 ν and p 0 ν are the energy and three-momentum of the neutrino in the nonradiative process (1), respectively.
A quick glance at Fig. 1 reveals that the TBR of the Dalitz plot is the region where the threebody decay (1) and the four-body decay (39) overlap completely. In contrast, the FBR is where in process (39) neither of the energies of the neutrino and the real photon can be zero. Therefore, strictly speaking, process (39) is kinematically allowed to occur anywhere in the joined area TBR∪ FBR of Fig. 1 . If we assume that real photons can be discriminated in an experimental setup, then our analysis of bremsstrahlung radiative corrections will consider process (39) restricted to the TBR.
To first order in α, the bremsstrahlung radiative corrections in K ± l3 decays arise from the analysis of the Feynman diagrams depicted in Fig. 3 . We now need to obtain the transition amplitude of process (39), M B , keeping all the terms of the order of (α/π)(q/M 1 ) explicitly.
This can be achieved in a model-independent way by using the Low theorem [14, 15] , which asserts that the radiative amplitudes of orders 1/k and (k) 0 can be determined in terms of the nonradiative amplitude without further structure dependence. Therefore, the direct application of the Low theorem allows us to express M B as
and Here ǫ is the polarization four-vector of the photon. Let us notice that, strictly speaking, M B 4 in Eq. (45) will contribute to the order of O(q 2 ) to the decay rate so it will be suppressed with respect to the others and can be ignored in our analysis. Now, the differential decay rate with bremsstrahlung radiative corrections dΓ B can be written as [19] 
In order to correctly account for the contribution of the unobserved photons to the Dalitz plot of process (39) restricted to the TBR, we need to perform a careful analysis to delimit the integrations over the kinematical variables in (46). We have already mentioned that the system of reference we use is the rest frame of the decaying kaon. Accordingly, with all generality, we use the same orientation of the coordinate axes as in the previous cases: namely, the direction of emission of ℓ + coincides with the +z axis and π 0 is emitted in the first or fourth quadrant of the (x, z)
plane. With this choice we are left with five out of 12 variables of the final state. Two of them should be, of course, the energies E and E 2 of ℓ + and π 0 , respectively, whose limits are given in Eq. (2) . The other three nontrivial variables can be grouped into two sets, namely, (k, cos θ k , ϕ k ) and (cos θ 2 , cos θ k , ϕ k ), where k, θ k , and ϕ k are the magnitude of the three-momentum and the polar and azimuthal angles of the photon, respectively, and θ 2 is the polar angle of π 0 . The former set is more suitable for dealing with the infrared-divergent terms, whereas the latter is more useful in the analysis of the infrared-convergent contributions. For this latter case one hasp 2 ·l = cos θ 2 ≡ y,l ·k = cos θ k ≡ x, andp 2 ·k = cos θ 2 cos θ k + sin θ 2 sin θ k cos ϕ k , and the photon energy can be expressed as
and the scalar productp 2 ·k can readily be written in terms of x and y.
As for dΓ B we consider it convenient to organize it as
], and dΓ
The contribution dΓ B 1 deserves particular attention because it not only contains an infrareddivergent term but also finite ones that come along with it, which must be properly identified. For this purpose, let us notice that |M B 1 | 2 can be conveniently separated as
where l, p 1 , k, and ǫ within the square brackets in Eq. (50) are understood to be four-vectors.
Besides, A 0 is given in Eq. (16) , and the function B reads
Equation (50) has been purposely separated the way it stands because the factor A 0 is precisely the one that is needed to cancel the infrared divergence contained in its virtual counterpart Eq. (34). Now, the extraction of the infrared divergence and the finite terms that come along with it can be conveniently performed by following either one of the approaches implemented by Ginsberg [3] (introduced in the analysis of K ± l3 decays) or by Tun et. al. [21] (implemented in the analysis of hyperon semileptonic decays). Ultimately, it has been shown that both approaches are equivalent and yield the same results [22] . For convenience, in this work we follow the latter approach, and in Appendix A we briefly describe some important aspects of the procedure.
On the other hand, we should exercise some caution when performing the pending sum over the photon polarization in Eq. (42), which also raises an important issue. In all infrared-convergent terms the ordinary covariant summation can be used, namely, (ǫ · u)(ǫ · v) = −u · v, where u = (u 0 , u) and v = (v 0 , v) are arbitrary four-vectors and ω = k, with k the magnitude of k. However, in the infrared-divergent terms the longitudinal degree of polarization of the photon must be accounted for. This can be carried out by using the Coester representation [23] in which
where ω 2 = k 2 + λ 2 and λ is a fictitious mass given to the photon to regularize the infrared divergence.
By taking into account all the above arguments, dΓ B 1 can be written as
where dΓ
, the piece containing the infrared divergence, can be evaluated through a direct application of Eq. (A9); the resultant expression is
where we have used the definition [21]
and the factors that appear in Eqs. (57) and (58) are defined in Appendix A.
Following the lines of Ref. [21] , we can split the range of integration over k into two intervals, namely (0, ∆k) and (∆k, k i ), with i = 2, 4. This approach is general enough to avoid taking the limit ∆k → 0 in the infrared-divergent terms because ∆k cancels exactly before performing the ϕ k integration. In contrast, the limit ∆k → 0 can be taken in the infrared-convergent terms because they are regular in ∆k. Let us notice that in the interval 0 ≤ k ≤ ∆k, the function g − (θ 2 )
can be expanded in powers of k; the expansion yields [21] 
Thus, after some rearrangements, dΓ
On the other hand, y can also be expanded in powers of k [21] , namely,
Thus, the last three summands in Eq. (60) can be cast into the form (A13), replacing the upper limit over the y integration with y 0 − f ′ ∆k, and also by using the definition of the photon energy, Eq. (47), namely,
Now, the ϕ k integration in the first summand within the square brackets in Eq. (63) can be trivially performed, whereas in the second summand we have rewritten the integral with the x integration outermost so we can easily compute the y integration. This results in
Finally, the two integrals in Eq. (64) make up the function θ 1 defined in Eq. (96) of Ref. [21] , which contains an infrared-divergent piece with the correct coefficient to cancel its counterpart in the virtual radiative corrections. With this last result, we have achieved the proper identification of the infrared divergence and all the finite terms that come along with it.
We have already pointed out that the approach introduced in Ref. [4] to deal with the infrared divergence is equivalent to the one described here. The equivalence is established through the relation θ 1 = I 0 (E, E 2 ), where I 0 (E, E 2 ), given in Eq. (27) of Ref. [4] , in our notation reads
In summary, the final form of dΓ
reduces to
As for the infrared-convergent contributions, the use of the set of variables (cos θ 2 , cos θ k , ϕ k ), corresponding to the form (A13), allows us to discern a group of triple integrals which make up
, dΓ B 2 , . . . , dΓ B 5 . Skipping details, these contributions read
Here Λ i (i = 1, . . . , 11) are functions of E and E 2 and contain triple integrals over the relevant angular variables. They are listed in Appendix B for completeness.
Equations (68) and (69)-(73) constitute the first partial result for the bremsstrahlung radiative corrections. The infrared divergence and the finite terms that come along with it have been properly identified. As a result, the bremsstrahlung differential decay rate can be obtained by performing numerically the triple integrals that make up the functions Λ i at various points (E, E 2 ) of the Dalitz plot. This could require a considerable effort in an actual analysis.
We can proceed further, however, and also compute analytically the integrals displayed in Eqs. (69)- (73). The main aim of having a fully analytical expression available relies on the fact that it can be useful in the reduction of computing time in a Monte Carlo simulation of an experimental setup. For this task, then, a considerable amount of work can be saved if we realize that such integrals can be expressed in terms of the θ i functions originally introduced in the analysis of bremsstrahlung radiative corrections in hyperon semileptonic decays [21, 22, 24, 25] .
For conciseness, one has
where the secondary functions η 0 , ζ lm , Z r , and Y s , given in Ref. [25] , depend on the θ i functions.
Finally, a further simplification of Eqs. (74)- (84) yields a fairly compact form of the bremsstrahlung differential decay rate. It can be organized as
and the functions A
Expression (85) constitutes our second partial result for the bremsstrahlung differential decay rate of K ± l3 decays, restricted to the TBR of the Dalitz plot. In spite of the lengthy expressions it consists of, its final form is easy to handle. Both infrared-divergent and infrared-convergent terms that appear in it have been rigorously identified and appropriately extracted. Let us now discuss the series of cross-checks performed on the functions Λ i .
A. Numerical cross-checks
At this stage, we consider pertinent to cross-check the functions Λ i in their analytical forms analytical expressions at various points (E, E 2 ) of the Dalitz plot. As an example, let us define the
where B 1 is given by Eq. (52). Its analytical counterpart is
with Λ r above given by Eqs. (74)-(76). We present in Table III the evaluation of expressions (90) and (91) for K ± e3 decays. We observe a very good agreement, entry by entry, between the two forms. Of course, we have also cross-checked the other Λ i functions and found very good agreements, too. We have repeated the exercise for K ± µ3 decays and also found an excellent match, so there is no need to reproduce these outputs here.
V. FINAL RESULTS AND COMPARISON WITH OTHER CALCULATIONS
The differential decay rate of K ± l3 decays in the variables E and E 2 , restricted to the TBR of the Dalitz plot and including radiative corrections to the order of (α/π)(q/M 1 ), is given by
dΓ V is given by Eq. (34). For dΓ B two forms are available. In the first one the triple integration over the real photon variables remains to be performed numerically. It is given by the sum of Our analytical result can thus be cast into the compact form
where A ′ comprises all the various contributions arising from radiative corrections, namely, Ref. [21] or Eq. (65) of the present work since they are equivalent.
We are now in a position of producing some numerical evaluations which, at the same time, will allow us to compare our outputs with the ones obtained within other approaches. In the introductory remarks, we pointed out that some treatments about radiative corrections in K l3 decays are available in the literature [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] . In the present paper, we put emphasis on the radiative corrections to the Dalitz plot of K ± l3 decays so a suitable comparison can readily be performed with the results presented in Refs. [9, 10] for this particular case.
In Ref. [9] , the spin-averaged decay distribution ρ(y, z) for K l3 decays is analyzed, where, in our notation, the variables y and z correspond to y = 2E/M 1 and z = 2E 2 /M 1 , respectively. Also, the uncorrected distribution ρ (0) (y, z), Eq. (3.5) of Ref. [9] , is expressed in terms of the kinematical densities A
1 (y, z), A
2 (y, z), and A i (E, E 2 ) given in Eqs. (17)- (19) . A numerical evaluation of A (0) 1 for K + e3 decay is presented in Table 3 of Ref. [10] , which can be compared with Table I (a) of the present paper. The agreement, entry by entry, is evident. 1 On the other hand, the analysis of radiative corrections to K l3 decays presented in Refs. [9, 10] was performed in the context of the chiral perturbation theory to the order of
, with the inclusion of the photon and light leptons as active degrees of freedom. In summary, the density distribution ρ(y, z) with radiative corrections, which is equivalent to dΓ of Eq. (93), is written as [9] ρ(y, z)
where the effective form factors f ± depend on t = (
and S EW is the short distance enhancement factor.
The effects of virtual photons are contained in the long distance component
of loop amplitudes (which produces infrared and Coulomb singularities); it depends on v and the masses of the charged lepton m and the charged meson M and has a logarithmic dependence arising from the infrared regulator M γ . On the other hand, the contributions of real soft photons are obtained by virtue of the theorem of Low. Therefore, the kinematical densities to the order of α read
Here 0 , respectively. 1 We anticipated performing this comparison so we adopted the same notation for the amplitudes A
i and evaluated dΓ 0 (E, E 2 ) at the same values of E and E 2 as in Ref. [10] .
Similarly, ∆ IB (y, z) comprises the additional terms of |M γ | 2 . From (97), the radiative corrections to the Dalitz plot of K l3 decays obtained in Refs. [9, 10] are
These latter contributions should be equivalent to our (α/π)A i of Eq. (94), which read
Checking that Eqs. (98) and (99) Table 4 of Ref. [10] for Table VI of the present work to carry  on a comparison with Table IV (a). An inspection of these tables shows an overall good agreement at the first significant digit over most of the entries and even the agreement at the second digit is more evident at the lowest entries of each column. There are small differences, however, and they may be explained as due to the different approximations used.
We can go further and provide a preliminary expression for the decay rate of K ± e3 decays by following the lines of Ref. [9] , making use of the detailed determination of the relevant form factors performed in this reference.
From Eq. (93) and in analogy with Eq. (7.5) of Ref. [9] we have
where the integration limits are given in (2) and the slope parameterλ + = 0.0328 ± 0.0033 has been estimated in Ref. [9] . Notice that Eq. (100) does not contain the short distance enhancement factor S EW yet. 
VI. CONCLUSIONS
In this work we have obtained the radiative corrections to the Dalitz plot of K ± l3 decays to the order of (α/π)(q/M 1 ), where q is the momentum transfer and M 1 denotes the mass of the kaon. We have obtained a fully analytical expression which comprises contributions of both virtual and real photons, restricted to the three-body part of the allowed kinematical region. Despite its length, the analytical form obtained, Eq. (93), is quite simple and organized in a way that is easy to deal with. Among other properties, it contains all the terms of the order of (α/π)(q/M 1 ), it has no infrared divergences, it does not contain an ultraviolet cutoff, and it is not compromised by any model dependence of radiative corrections. As argued in Sec. III, the model dependence is absorbed into the already existing form factors by adding a function of p + · l to f + (q 2 ) and another to f − (q 2 ). This, needless to say, is a theoretical problem and as such should be dealt with like that.
The usefulness of Eq. (93), however, could be better appreciated when incorporated into a Monte
Carlo simulation, since it may reduce the computational time required by the triple integrals.
We should emphasize that Eq. (93) is very useful for processes where the momentum transfer is not small and thus cannot be neglected. Thus, it is valid for any M ± l3 decay, whether M be π ± , K ± , D ± or even B ± . To first order in q it yields terms of the order of (α/π)(q/M 1 ) in the radiative corrections. The expected error by the omission of higher order terms is around (α/π)(q/M 1 ) 2 ≈ 0.0012 in K ± and D ± decays. Being conservative, if the accompanying factors amount to 1 order of magnitude increase, then we can estimate an upper bound to the theoretical uncertainty of 1.2%. This should be acceptable with an experimental precision of 2%-3%. We envisage further improvements to our calculation by incorporating the effects of the FBR of the Dalitz plot and also the decay of a neutral kaon, which requires an extra effort [26] .
(A8)
Throughout a careful and detailed analysis, one finds that k 2 and k 4 are the only physical values of k, whereas k 1 and k 3 are unphysical ones. In Fig. 4 , we have plotted k 2 and k 4 as functions of θ k and ϕ k for K + e3 decay, at E = 111.1 MeV and E 2 = 222.2 MeV for definiteness. In this figure, the uppermost surface corresponds to k 2 so k 4 lies just right below it. Although k 2,4 are physical values, the condition sin θ 2 ∈ [0, 1] strongly constrains the accessible regions to them.
In other words, in the region where 0 ≤ k ≤ k 4 and 0 ≤ ϕ k ≤ 2π, only sin θ allowed, whereas in the region where k 4 ≤ k ≤ k 2 , both cos θ ± 2 and sin θ ± 2 are allowed, but this time ϕ k ∈ (π/2, 3π/2). In Fig. 5 , we have plotted k 2 and k 4 as functions of ϕ k for θ k = π/3, at the same values of (E, E 2 ) as above. The shaded area depicts the accessible values of k which lead to allowed values of cos θ 2 .
All the above findings can be gathered together in order to express the bremsstrahlung differential decay rate as 
where x = cos θ k and y = cos θ 2 . This form of dΓ B , in terms of the set of variables (k, θ 2 , ϕ k ) discussed in Sec. IV, is suitable for handling the infrared divergence although the involved factors in the integrand might complicate the evaluation of the integral to a great extent. There is another set, however, which allows one to handle the infrared-convergent contributions. It is expressed in the variables (θ 2 , θ k , ϕ k ) through
and after some algebraic manipulation we finally obtain
This latter form is the one actually used in the analysis of infrared-convergent contributions here.
